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Abstract
In this paper we consider all consistent extensions of the AdS5 × S5 superalge-
bra, psu(2, 2|4), to incorporate brane charges by introducing both bosonic and
fermionic (non)central extensions. We study the Ino¨nu¨-Wigner contraction of
the extended psu(2, 2|4) under the Penrose limit to obtain the most general con-
sistent extension of the plane-wave superalgebra and compare these extensions
with the possible BPS (flat or spherical) brane configurations in the plane-wave
background. We give an explicit realization of some of these extensions in terms
of the Tiny Graviton Matrix Theory (TGMT)[14] which is the 0+1 dimensional
gauge theory conjectured to describe the DLCQ of strings on the AdS5 × S5
and/or the plane-wave background.
1 Introduction
Historically supersymmetry (SUSY) algebras arose as extensions of Poincare algebra of a
D-dimensional space-time by fermionic generators, the supercharges. The first extension to
the supersymmetry algebra constructed in this way, the super-Poincare algebra, appeared
when the number of supercharges were taken to be a multiple (usually taken to be a power
of two) of dimension of the smallest spinor representation of the corresponding Poincare
algebra. Such extensions usually come under the title of N -extended SUSY algebras [1].
In this extended versions of superPoincare the bosonic part of the superalgebra is extended
by an “internal” R-symmetry group, which in four dimensions is a U(N ) symmetry, under
which the supercharges are in fundamental representations. It is then natural to ask for
other possible extensions of the N -extended algebras. If such an extension exists, then we
end up with an extended SUSY algebra which contains the original algebra as a subalgebra.
Generically speaking these extensions can appear in the bosonic or fermionic sectors of the
SUSY algebra and they can be central or non-central. Central extensions are those which are
at the center of the corresponding Poincare algebra and hence they are necessarily scalars
in space-time. There are also p-form extensions, which are all non-central (for example see
[2] and references therein). These p-form extensions, however, generically commute with the
momenta and the super(Poincare)-charges and hence central in this sense.1 As is well-known
presence of these p-form extensions are necessitated by dualities of string theories, as they
correspond to the charges of extended objects, p-branes, e.g. see [2, 3, 4].
For the non-central extensions of a given superalgebra one should check the closure and
the Jacobi identities for the extended algebra. Generically, as first noted in [5], closing the
algebra amounts to adding fermionic as well as bosonic p-forms, i.e. fermionic brane charges.
Existence of the super-p-form charges are necessary for construction of supersymmetric Wess-
Zumino terms in p-brane actions [5].
It is not always necessary to build a SUSY algebra on a Poincare or Lorentz algebra and
one can construct supersymmetric versions of all classical Lie algebras by adding fermionic
generators in the spinor representations of these algebras and demanding their closure. Su-
peralgebras obtained in this way all fall into Kac-Nahm classification of superalgebras [6, 7].
These algebras become of great importance in string theory once we consider theories on
spaces which are not asymptotically flat, but still supersymmetric.
Regardless of the dimension of space-time in which the superalgebra is defined the maxi-
mal number of supercharges in a physically viable theory, which does not contain higher than
spin two fundamental particles, cannot exceed 32. In this paper hence our focus would be on
1As discussed e.g. in [2], an extension of the SUSY algebra which is not central, upon dimensional
reduction, may appear as a central extension in the lower dimensional superalgebra.
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the maximal superalgebras which are not based on superPoincare. The most famous of ex-
amples of such cases are the maximally supersymmetric AdSp×Sq (p, q) = (5, 5), (4, 7) and
(7, 4) geometries and the corresponding plane-waves in ten or eleven dimensions [8]. For the
AdS5×S5 the relevant algebra is psu(2, 2|4) which will be reviewed and explicitly presented
in section 2.1. As has been discussed in [9, 10, 11] to find the maximally possible extension
of this algebra one should add other fermionic, as well as p-form generators. Although pure
psu(2, 2|4) is a subsuperalgebra of ops(1|32), it is not the case for its maximal extension.
While the bosonic part of the maximally extended PSU(2, 2|4) is a subgroup of bosonic
part of OSp(1|32), the whole superalgebra is a contraction of osp(1|32). This algebra will be
presented and discussed in some detail in 2.2. Interestingly and intriguingly osp(1|32) also
appears as the maximal possible extension of all the other known flat space maximal super-
algerbas, namely ten dimensional N = 2 superPoincare [3, 4], eleven dimensional N = 1
superPoincare [5, 12].
In this paper we will study the maximal extensions of the AdS superalgebras and the
behavior under the Penrose limit. In this way we will obtain the most general extension of
the other class of maximally supersymmetric non-flat supergravity backgrounds, namely the
plane-wave geometries. This is done in section 3. In this paper we will discuss the psu(2, 2|4)
in detail. The computations for the osp(8∗|4) and osp(4|8) cases can be performed in a similar
way. The extended eleven dimensional plane-wave superalgebra has been discussed in [13].
The extension of the plane-wave superalgebras are of particular interest because for these
cases we have matrix theory formulations for the DLCQ of type IIB strings and/or the M-
theory on these backgrounds [14, 15]. As discussed in [14] both of these matrix theories are
“tiny graviton matrix theories”, the tiny three brane and membrane theories, respectively.
Within these matrix models one may then find explicit representations of these algebras
and their super-extensions in terms of matrices. These are the charges corresponding to
BPS objects in these matrix models, and hence the extended brane-type objects in the
corresponding string or M-theories. In section 4, we will focus on the representation of the
extensions of the ten dimensional plane-wave superalgebra in the tiny graviton matrix theory
(TGMT) and their brane interpretation.
In the last section we conclude by summary of our results, outlook and remarks. In the
two appendices we have gathered a review of the relevant fermionic notations employed in
the paper and a brief review on the tiny graviton matrix theory.
2
2 Extensions of the psu(2, 2|4) superalgebra
In this section we review the psu(2, 2|4) algebra and its possible extensions. We employ the
fermionic notations developed in [16]. To be self-contained, we have explained our fermionic
notations in the appendix A.
Note on the classification of superalgebras:
According to the Nahm classification of superalgebras [6], generically in any superalgebra,
besides the central generators, two kind of bosonic groups are involved. For example in the
four dimensional N -extended SUSY algebras, the four dimensional Poincare ISO(3, 1) and
the U(N ) R-symmetry group. The supercharges are then in the spinor representation of
both of these groups. (The U(1) part of the U(N ) R-symmetry is generically anomalous
in the supersymmetric gauge theories). This can be generalized by taking the supercharges
to be in spinor representation of any two classical Lie groups. The most famous cases are
su(m|n) algebras in which the 2mn (real) supercharges are in the spinor representation
of su(m) and su(n). That is, we can denote the supercharges by Qaα, where a, α, a =
1, 2, · · · , m, α = 1, 2, · · · , n are the fundamental indices of SU(m) and SU(n). The bosonic
part of this superalgebra, besides su(m) × su(n), generically contains an extra U(1). For
the special case of m = n, however, this U(1) factor becomes central to the whole algebra
and maybe extracted out. In which case to emphasize absence of the U(1), the algebra is
denoted by psu(m|m). The examples of this algebras are psu(2, 2|4) whose bosonic part is
su(2, 2) ≃ so(4, 2) times su(4) ≃ so(6), and su(4|2) with the bosonic part su(4)× su(2) ×
u(1) ≃ so(6)×so(3)×u(1) [17]. The former is a superalgebra with 2×4×4 = 32 supercharges
and the latter with 2× 4× 2 = 16.
The next supergroups/algebras relevant to the 11 dimensional AdS cases are OSp(m|n).
The bosonic part of which are so(m) (or more precisely Spin(m)) times USp(n). (In our
conventions USp(2n) ≃ Spin(2n + 1).) The examples of these algebras appearing in the
M-theory backgrounds are osp(8|4) with the bosonic part so(8)× usp(4) ≃ so(8)× so(3, 2),
osp(8∗|4) whose bosonic part is so(8∗)× usp(4) ≃ so(6, 2)× so(5) and finally osp(1|32) with
the bosonic part usp(32). All these superalgebras have 32 supercharges. Further discussions
on these superalgebras may be found in [18].
2.1 Unextended psu(2, 2|4) superalgebra
PSU(2, 2|4) is the supergroup of theN = 4 four dimensional Yang-Mills superconformal field
theory. As explained above, in the most natural notations, the supercharges of this algebra
carry two six dimensional Weyl indices of so(6) and so(4, 2). That is, the supercharges
are labeled as QIJˆ , where I and Jˆ = 1, 2, 3, 4 are respectively the Weyl indices of so(6)
3
and so(4, 2). This is the notations and conventions used in [16].2 The superalgebra in this
notation takes the compact form of [16]
[JAB, JCD] = i(δA[CJB]D − δB[CJA]D) , [Jµˆνˆ , Jρˆλˆ] = i(ηµˆ[ρˆJνˆ]λˆ − ηνˆ[ρˆJµˆ]λˆ) (2.1a)
{QIJˆ ,Q†KLˆ} = 2(iγµˆνˆ) KˆIˆ Jµˆνˆ δ LJ + 2(iγAB) LJ JAB δ KˆIˆ , {QIJˆ ,QKLˆ} = 0 (2.1b)
[JAB,QIJˆ ] = (iγAB) KI QKJˆ , [Jµˆνˆ ,QIJˆ ] = (iγµˆνˆ) LˆJˆ QILˆ (2.1c)
where A,B = 1, 2, · · · , 6 are the fundamental SO(6) indices and JAB are generators of so(6).
The hatted Greek indices run over −1, 0, · · · , 4 and are fundamental SO(4, 2) indices, whose
algebra generators are denoted by Jµˆνˆ and iγAB, iγµˆνˆ are the commutators of the SO(6) and
SO(4, 2) γ-matrices in the Weyl representation and hence they are 4×4 hermitian matrices.
For more details see Appendix A.
2.2 The extended psu(2, 2|4) superalgebra
In this subsection we study the most general superalgebra permitted by just group theory
considerations, we add additional objects (terms) which fall in different allowed represen-
tations of the bosonic part of the superalgebra. Later we give physical interpretations for
this extra terms using field theory description, and also realizations in the langauge of the
corresponding matrix theory. The physical significance of these extensions lies in the fact
that they correspond to charges of different extended objects. Explicitly, in order to have
supersymmetric (BPS) objects in the theory, we have to add their charges into the superal-
gebra.
According to our conventions, as discussed in Appendix A, spinorial supercharges carry
two indices corresponding to fundamentals of su(2, 2), su(4) as QIJˆ which is the direct prod-
uct of two representations 4⊗ 4ˆ. When we anticommute Q,Q†, each fundamental properly
multiplies with its antifundamental counterpart to give
4⊗ 4¯ = 1⊕ 15
Therefore, group theory dictates that the allowed extensions which can appear in the right-
hand-side of the Q,Q† anticommutator should fall into the following representations of
2Note, however that, although the most convenient one, this is not the notation usually used for labeling
the supercharges of this algebra. Usually the Q
IJˆ
supercharges are decomposed in terms of so(3, 1) spinors,
and as superPoincare and super conformal charges S, see e.g. [19]. The latter labeling seems more suitable
from the N = 4 super-Yang-Mills theory.
4
SO(4, 2)× S(6):
(1⊕ 15)⊗ (1⊕ 15) = (1, 1)⊕ (1, 15)⊕ (15, 1)⊕ (15, 15) (2.2)
Similarly the extensions to Q,Q anticommutator, as
4⊗ 4 = 6a ⊕ 10s,
must fall into
Sym[(6a ⊕ 10s)⊗ (6a ⊕ 10s)] = (6a, 6a)⊕ (10s, 10s) (2.3)
of SO(4, 2) × S(6). Note that (6a, 10s) ⊕ (10s, 6a) being antisymmetric cannot appear in
the Q,Q anticommutator.
Therefore, the most general extended anticommutators read as
{QIJˆ ,Q†KLˆ} = χ δ KI δ LˆJˆ
+ JAB(iγ
AB) KI δ
Lˆ
Jˆ
+ δ KI Jµˆνˆ(iγ
µˆνˆ) Lˆ
Jˆ
+RABµˆνˆ (iγAB) KI (iγµˆνˆ) LˆJˆ
(2.4)
{QIJˆ ,QKLˆ} = ZAµˆ (γA)IK (γµˆ)JˆLˆ
+ Z++ABCµˆνˆρˆ (γABC){IK} (γµˆνˆρˆ){JˆLˆ}
(2.5)
Note that γAIK and γ
µˆ
JˆLˆ
are antisymmetric in IK and Jˆ Lˆ indices while γABC and γµˆνˆρˆ are
symmetric. Z++ABCµˆνˆρˆ is self-dual in both SO(6) and SO(4, 2) indices, that is
1
3!
ǫABCDEF Z++ABCµˆνˆρˆ = +Z++DEFµˆνˆρˆ ,
1
3!
ǫµˆνˆρˆ
αˆβˆλˆ
Z++ABCµˆνˆρˆ = +Z++DEFαˆβˆλˆ . (2.6)
Since 6a and 10a representations of SU(4) and SU(2, 2) are complex valued the corresponding
extensions, ZAµˆ and Z++ABCµˆνˆρˆ are also complex while χ and RABµˆνˆ , as well as Jµˆνˆ and JAB
are hermitian.
The necessary and sufficient condition for the consistency of the extended algebra, is that
it satisfies different Jacobi identities among fermionic/bosonic generators. The extensions,
except for the χ, carry SO(6) and SO(4, 2) tensor indices and hence have non-trivial com-
mutators with Jµˆνˆ and JAB generators i.e. they are not central to the original psu(2, 2|4)
superalgebra. Therefore, closure of the algebra and the Jacobi identities forces non-zero
commutators between the supercharges Q and the extensions Z and R. Moreover, in order
to close the algebra we should also add more fermionic generators, i.e. fermionic counter-
parts to the extensions or the fermionic brane charges. This phenomenon was first noted by
Sezgin in the context of the M-theory superalgebra [5] and then extended to the other cases.
For more details and the structure of the new (anti)commutators see [10, 11, 12, 13].
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Physically, χ,RABµˆνˆ ,ZAµˆ,Z++ABCµˆνˆρˆ respectively correspond to charges of D-instanton,
D3, F1/D1, NS5/D5 branes. From the effective field theory description and its Wess-Zumino
term, it can be shown that they are spatial integral of total derivatives, and are topological
rather than Noether charges [9]. In fact in the above extensions, the spatial components
of the extensions corresponds to brane dipole moment charges. For example, as we will see
explicitly in section 4 from the tiny graviton Matrix theory construction RABµˆνˆ leads to the
RR dipole moment of spherical (giant graviton) D3-branes.
One may consider extensions of the eleven dimensional AdS superalgebras, osp(8|4,R)
and osp(8∗|4). It has been argued that the maximal extension of both of these lead to a
contraction of osp(1|32) [9, 12, 13]. Intriguingly, a different contraction of the same osp(1|32)
algebra appears as the maximal extension of psu(2, 2|4) we discussed above. (In our above
discussions we did not add the other needed fermionic generators to make the osp(1|32)
structure explicit. More discussions on this maybe found in [10, 11].) It seems that there
is a uniqueness theorem [9, 12], that the maximal extension of any superalgebra with 32
supercharges is either osp(1|32) or a contraction of that.
3 Ino¨nu¨-Wigner contraction of the extended psu(2, 2|4)
Parallel to the Penrose limit which, at the level of the geometry, takes us from the AdS5×S5
solution to the plane-wave solution, there is a complementary process, known as Ino¨nu¨-
Wigner contraction [20], which does the same at the level of the (super)algebra [21]. In this
section, following notations of [16], we first briefly review the action of the Penrose limit over
the pure (unextended) super-isometry group of the AdS5×S5 which exactly produces super-
isometry group of the plane-wave and then contract the extended super-isometry group of
the AdS5 × S5 with all the possible extensions to obtain the most general extensions of the
plane-wave superalgebra. In this way we can trace back the extensions of the plane-wave
algebra to their counterparts in the AdS and hence read their physical interpretations.
• Contraction of the bosonic part
The bosonic part of isometries is SO(4, 2) × SO(6) with the generators Jµˆνˆ and JAˆBˆ. In
order to contract the algebra, it is more convenient to decompose them as
Jµˆνˆ =
{
Jij, Li =
1
R
(J−1i + iJ0i), Ki =
−1
R
(J−1i − iJ0i), µR2P+ + 1
2µ
H = J−10
}
(3.1a)
JAˆBˆ =
{
Jab, La =
1
R
(J5a + iJ6a), Ka =
−1
R
(J5a − iJ6a), µR2P+ − 1
2µ
H = J56
}
, (3.1b)
where i, a = 1, 2, 3, 4. In the above parametrization the Penrose limit is R → ∞ while
keeping Jij, Jab, Li, Ki, La, Ka, P
+ and H fixed.
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• Contraction of the fermionic part
In order to perform the contraction on the fermionic part it is convenient to adopt the
SO(4)×SO(4) notation for the fermions and scale them as follows (see [16] or the Appendix
A.2),
QIJˆ → (
√
µR qαβ ,
√
µR qα˙β˙,
1√
µ
Qαβ˙ ,
1√
µ
Qα˙β), (3.2)
send R→∞ while keeping the q and Q in the right-hand-side fixed.
With the above decomposition and scaling the superalgebra (2.1) decomposes into the
dynamical and kinematical superalgebras with the following anticommutators
{qαβ , q†ρλ} = P+δ ρα δ λβ , {qαβ, q†α˙β˙} = 0 , {qα˙β˙, q†ρ˙λ˙} = P+δ ρ˙α˙ δ λ˙β˙ , (3.3)
{qαβ , Q†ρ˙λ} = i(σi) ρ˙α δ λβ Ki , {qαβ , Q†ρλ˙} = i(σa) λ˙β δ ρα Ka ,
{qα˙β˙, Q†ρ˙λ} = i(σa) λβ˙ δ ρ˙α˙ La , {qα˙β˙, Q†ρλ˙} = i(σi) ρα˙ δ λ˙β˙ Li , (3.4)
{Qαβ˙ , Q†ρλ˙} = δ ρα δ λ˙β˙ H+ µ(iσij) ρα δ λ˙β˙ J ij + µ(iσab) λ˙β˙ δ ρα Jab ,
{Qαβ˙ , Q†ρ˙λ} = 0 , (3.5)
{Qα˙β , Q†ρ˙λ} = δ ρ˙α˙ δ λβ H+ µ(iσij) ρ˙α˙ δ λβ J ij + µ(iσab) λβ δ ρ˙α˙ Jab .
As it is seen from (B.8), the dynamical supercharges Qαβ˙ , Qα˙β form a subalgebra/subgroup
of the original PSU(2, 2|4), which can be identified as PSU(2|2)×PSU(2|2)×U(1)H. This
is a superalgebra with 16 supercharges and is in fact the super-isometry of the recently
obtained and explored ten dimensional LLM [22] solutions.
After this brief review of the contraction of the unextended AdS5 × S5 superalgebra, we
now study the contraction of the most extended superalgebra (2.4), (2.5). We follow a similar
logic. That is, first we decompose the fermionic and bosonic generators into the irreducible
representations of SO(4)×SO(4) and then scale each representation in the appropriate way.
The supercharges Q should, of course, be decomposed and scaled as in (3.2). The bosonic
form-field extensions should then be scaled as:
R−1i5a −R0i6a = R2cia , R−1i5a +R0i6a = Cia (3.6a)
R−1i6a +R0i5a = R2cˆia , R−1i6a −R0i5a = Cˆia (3.6b)
Zia + 4Z−10i56a = R2dia , Zia − 4Z−10i56a = Dia (3.6c)
Z−15 − Z06 = R2c , Z−15 + Z06 = C (3.6d)
Z−16 + Z05 = R2cˆ , Z−16 − Z05 = Cˆ (3.6e)
χ+R−1056 = R2z , χ−R−1056 = Z , (3.6f)
while keeping c’s and C’s fixed when sending R to infinity. We will discuss the scaling of
other Rabij components and various components of Z++ABCµˆνˆρˆ in the next subsection.
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3.1 Extensions of the dynamical superalgebra
The superalgebra (2.4), (2.5) decomposes into dynamical and kinematical parts under the
Ino¨nu¨-Wigner contraction. The dynamical supercharges again form a subalgebra given by
the following (anti)commutation relations
{Qαβ˙ , Q†ρλ˙} = δραδλ˙β˙(H+ Z) + µ(iσij)ραδλ˙β˙Jij + µ(iσab)λ˙β˙δραJab
+ µδρα(iσ
ab)λ˙
β˙
Rab − µ(iσij)ραδλ˙β˙Rij − µ(iσij)ρα(iσab)λ˙β˙R+−ijab (3.7a)
{Qαβ˙ , Qρλ˙} = −µδαρδβ˙λ˙(C + iCˆ)− 4µ(iσij)αρ(iσab)β˙λ˙M+−ijab (3.7b)
{Qα˙β , Q†ρ˙λ} = δρ˙α˙δλβ(H− Z) + µ(iσij)ρ˙α˙δλβJij + µδρ˙α˙(iσab)λβJab
+ µδρ˙α˙(iσ
ab)λβRab − µ(iσij)ρ˙α˙δλβRij − µ(iσij)ρ˙α˙(iσab)λβR−+ijab (3.8a)
{Qα˙β, Qρ˙λ} = −µδα˙ρ˙δβλ(C − iCˆ) + 4µ(iσij)α˙ρ˙(iσab)βλM−+ijab (3.8b)
{Qα˙β, Q†ρλ˙} = µ(σi)ρα˙(σa)λ˙β(Cia − iCˆia) (3.9a)
{Qα˙β , Qρλ˙} = µ(σi)α˙ρ(σa)βλ˙Dia (3.9b)
{Qαβ˙, Q†ρ˙λ} = µ(σi)ρ˙α(σa)λβ˙(Cia + iCˆia) (3.10a)
{Qαβ˙, Qρ˙λ} = µ(σi)αρ˙(σa)β˙λDia (3.10b)
In the above Rab = R−10ab, Rij = Rij56 and
Rs1s2ijab ≡ (δikδjl +
s1
2
ǫijkl)(δacδbd +
s2
2
ǫabcd)Rklcd (3.11)
where s1, s2 take ± values. As we see the components of Rs1s2ijab with s1s2 = −1 appear in the
dynamical superalgebra.
The Mijab which has appeared in (3.7b) and (3.8b) results from the Z++µˆνˆρˆABC extension
by setting
Mijab = Z++−1ij5ab . (3.12)
Recalling the six dimensional self-duality condition (2.6), these are the only independent
components of Z++ with four so(4)× so(4) indices. In the so(4)× so(4) notationMijab are
not irreducible and one can still reduce Mijab to self-dual and anti-self dual parts:
Ms1s2ijab ≡ (δikδjl +
s1
2
ǫijkl)(δacδbd +
s2
2
ǫabcd)Mklcd . (3.13)
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where the s1s2 = −1 combinations appear in the dynamical part of the superalgebra.
As we can see the (3.7a,b) and (3.8a,b) are the maximal possible extensions of the psu(2|2)
algebras. One should, however, note that as a result of the maximal extension the dynamical
part of the extended plane-wave superalgebra is not a direct product of the two extended
psu(2|2) factors and they mix through (3.9), (3.10).
We would also like to stress that the extensions C, Cˆ, and Mijab, similarly to their
counterparts in the extended psu(2|2, 4) algebra ZAµˆ and Z++µˆνˆρˆABC , are complex valued.
3.2 Extensions of the kinematical superalgebra
Having used the above decomposition and scalings, we obtain the extended kinematical part
of the plane-wave superalgebra
{qαβ, q†ρλ} = 2δραδλβ(P+ + z) + (iσij)ρα (iσab)λβ r++ijab (3.14a)
{qαβ, qρλ} = −1
µ
δαρδβλ(c− icˆ) + (iσij)αρ (iσab)βλ m++ijab (3.14b)
{qα˙β˙, q†ρ˙λ˙} = 2δρ˙α˙δλ˙β˙(P+ − z)− (iσij)ρ˙α˙ (iσab)λ˙β˙ r−−ijab (3.15a)
{qα˙β˙ , qρ˙λ˙} =
−1
µ
δα˙ρ˙δβ˙λ˙(c+ icˆ) + (iσ
ij)α˙ρ˙ (iσ
ab)β˙λ˙ m
−−
ijab. (3.15b)
{qαβ, q†ρ˙λ˙} = 1
µ
(σi)ρ˙α(σ
a)λ˙β(cia − icˆia) (3.16a)
{qαβ, qρ˙λ˙} = µ(σi)αρ˙(σa)βλ˙dia (3.16b)
{qα˙β˙, q†ρλ} =
1
µ
(σi)ρα˙(σ
a)λ
β˙
(cia + icˆia) (3.17a)
{qα˙β˙, qρλ} = µ(σi)α˙ρ(σa)β˙λdia (3.17b)
In the above rijab and mijab are obtained from Rs1s2ijab andMs1s2ijab after the following rescalings:
rs1s2ijab =
1
µR2
Rs1s2ijab , ms1s2ijab =
1
µR2
Ms1s2ijab , s1s2 = +1 (3.18)
There are of course non-vanishing kinematical-dynamical anticommutators which we do
not present here and can be worked out in a similar way.
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4 Extensions from Tiny Graviton Matrix Theory
In the previous section through the Penrose limit process we obtained the plane-wave super-
algebra and its most general extension. In this section we try to realize this superalgebra
as the symmetry of a physical theory. Obviously this physical theory should be related to
string theory (and possibly to its extended objects) on the plane-wave background. A re-
alization of the unextended plane-wave supersymmetry algebra (3.3)-(3.5) algerba in terms
of the worldsheet coordinates of the strings has been the guiding principle in obtaining the
light-cone plane-wave string field theory (see section 8 of [16] for a detailed review). In this
formulation, being a perturbative string theory formulation, however, the extensions which
correspond to extended objects (BPS branes) are absent.
In [14] a non-perturbative formulation of plane-wave string theory was proposed, ac-
cording which the DLCQ of type IIB on the plane-wave background has Matrix quantum
mechanics (a 0 + 1 dimensional U(J) gauge theory) description, the tiny graviton matrix
theory (TGMT). For convenience and completeness, a very short introduction to the tiny
graviton Matrix theory is given in the appendix B.
In this setup, being a non-perturbative description, one would expect the extensions
to appear naturally. In this section our aim is to obtain explicit expressions for some of
the extensions (brane charges) in terms of the Matrix degrees of freedom. As a DLCQ
description, we would primarily be interested in the extension to the dynamical part of the
supersymmetry algebra. The extensions, being correlated with physical observables, should
appear as gauge invariant combination of the J × J matrices of the TGMT, and as in the
BFSS case [23, 24], are generically in the form of trace of commutators. 3 In the TGMT,
however, besides the usual commutators we also have the option of the four brackets (see
the Appendix B). Hence, these extensions, which generically correspond to brane charges,
are vanishing for finite size matrices. (Recall that in Matrix theory the space integration
over world-volume (of total derivatives) is replaced with the trace over U(J) indices (of
commutators).)
3For the DLCQ of M-theory on the eleven dimensional plane-wave there also exists a Matrix theory, usu-
ally known as BMN or plane-wave matrix model [15]. The extensions of the eleven dimensional superalgebra
in the context of BMN matrix has been discussed in [25, 26].
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4.1 Computation of extensions in terms of matrices
Let us start with the expression for the dynamical supercharges given in [14]:
Qα˙β =
√
R−
2
Tr
[
(Πi − iµ
R−
X i)(σi)ρα˙θρβ + (Π
a − iµ
R−
Xa)(σa)ρ˙βθα˙ρ˙
− i
3!gs
(
ǫijkl[X i, Xj, Xk,L5](σl)ρα˙θρβ + ǫabcd[Xa, Xb, Xc,L5](σd)ρ˙βθα˙ρ˙
)
+
1
2gs
(
[X i, Xa, Xb,L5](σi)ρα˙(iσab)γβθργ + [Xa, X i, Xj,L5](σa)γ˙β(iσij)ρ˙α˙θρ˙γ˙
)]
(4.1)
Qαβ˙ =
√
R−
2
Tr
[
(Πi − iµ
R−
X i)(σi)ρ˙αθρ˙β˙ + (Π
a − iµ
R−
Xa)(σa)ρ
β˙
θαρ
− i
3!gs
(
ǫijkl[X i, Xj, Xk,L5](σl)ρ˙αθρ˙β˙ + ǫabcd[Xa, Xb, Xc,L5](σd)ρβ˙θαρ
)
+
1
2gs
(
[X i, Xa, Xb,L5](σi)ρ˙α(iσab)γ˙β˙θρ˙γ˙ + [Xa, X i, Xj,L5](σa)
γ
β˙
(iσij)ραθργ
)]
(4.2)
In our conventions the complex conjugate † just rises the lower indices and vice versa. Note
that supercharges are trace of corresponding densities
Qαβ˙ = Tr (Qαβ˙)
p
q = (Qαβ˙)
p
p , Qα˙β = Tr (Qα˙β)
p
q = (Qαβ˙)
p
p (4.3)
where p, q, r, s = 1, 2, · · · , J are matrix indices.
In [14], the above expressions were proposed on the basis that their anticommutator
produced the correct Hamiltonian (among other operators). Moreover, they have the right
behavior under the symmetries, especially under the Z2 symmetry which exchanges X
i ↔ Xa
and the Qαβ˙ and Qα˙β. To find the explicit form of (some of) the extensions we perform a
careful computation of various anticommutators of the above dynamical supercharges. (A
similar calculation can be carried out for kinematical and mixed supercharges.) For the com-
putation we use the following basic operatorial (to be compared with matrix) commutation
relations:
[XIpq,Π
J
rs] = iδ
IJ δpsδqr
{(θ†αβ)pq, (θργ)rs} = δαρ δβγ δpsδqr (4.4)
{(θ†α˙β˙)pq, (θρ˙γ˙)rs} = δα˙ρ˙ δβ˙γ˙ δpsδqr
After some straightforward, but lengthy, algebra one can check that
{Qα˙β, Q†ρ˙λ} = δρ˙α˙δλβH+ µ(iσij)ρ˙α˙δλβJij + µδρ˙α˙(iσab)λβJab − µ(iσij)ρ˙α˙(iσab)λβRijab (4.5)
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and similarly for {Qαβ˙ , Q†ρλ˙}, where H, Jij and Jab are given in (B.1), (B.10) and (B.11) of
the Appendix B. From the above form of the supercharges it is readily seen that
Rijab = 1
gs
Tr
(
[X i, Xj, Xa, Xb]L5
)
(4.6)
Next, one may show that
{Qα˙β , Qρ˙λ} = 0 , {Qαβ˙ , Qρλ˙} = 0 ,
{Qα˙β, Qρλ˙} = 0 .
(4.7)
from which we learn that in the TGMT defined via the Hamiltonian (B.1)
C = Cˆ = 0 , Dia = 0 , Mijab = 0 . (4.8)
And finally one can, in a similar way show that
{Qα˙β, Q†ρλ˙} ≡ µ(σi)ρα˙(σa)λ˙β(Cia − iCˆia) (4.9)
From the above and recalling that Cˆia and Cia are both hermitian (note (2.4) and (3.6a,b))
one can read the explicit form of Cia and Cˆia
C ia =
R−
µ
Tr
[
P iP a −
(
1
2gs
)2
ǫabcdǫijkl[Xj , Xb, Xc,L5][Xd, Xk, X l,L5]
+
( µ
R−
X i +
1
3!gs
ǫijkl[Xj, Xk, X l,L5]
)( µ
R−
Xa +
1
3!gs
ǫabcd[Xb, Xc, Xd,L5]
)]
(4.10)
Cˆ ia =
R−
µ
1
2gs
Tr
(
ǫijklP j[Xa, Xk, X l,L5] + ǫabcdP c[X i, Xc, Xd,L5]
)
(4.11)
We would like to stress that in the above computations we have assumed the finite J
condition and have set Tr ([A,B]) and Tr ([A,B,C,D]) equal to zero. Moreover, in the
above computations we have explicitly used the Gauss law constraint (B.3).
4.2 Physical interpretation of the extensions
Having computed the extensions using the expression of the supercharges (4.2) and (4.1),
here we discuss some of their physical aspects:
• As we can explicitly see from the above computations some of the extensions are
found to be zero (for finite size matrices). Noting the equations (3.6) it is seen that all
the non-vanishing extensions are coming from the RABµˆνˆ extension of the original extended
psu(2, 2|4) algebra (cf. (2.4)). As we discussed in section 2 this extension corresponds to
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three brane charges. The extensions χ, ZAµˆ, Z++ABCµˆνˆρˆ are all vanishing, indicating that in
the current form of the TGMT -1, 1, and 5 branes are not present.
The above was of course expected recalling that the TGMT was obtained by the quanti-
zation (discretization) of a three brane in the plane-wave background and that in the corre-
sponding Born-Infeld action only the contribution of the RR four-form to the Wess-Zumino
terms were included [14].
• The extensions account for the three brane RR dipole moments, as well as charges.
In the usual superPoincare’ algebras the p-form (central) extensions are identified with
the RR charge of flat Dp-branes. One of the consequences of this identification is that flat
branes in a flat Minkowski background are 1/2 BPS objects. In a non-flat background, such
as AdS5 × S5 or the ten dimensional plane-wave, the half BPS objects are not flat branes.
These are spherical three branes, the giant gravitons [27]. The three brane giant gravitons,
being spherical, do not carry a net RR charge of the (selfdual) RR four-form. They, however,
carry dipole moment of the four-form. For the spherical branes one can compute the dipole
moment corresponding to the brane. This dipole moment is then naturally a five-form.
Noting that each small element on the spherical brane locally behaves as a three brane
which carries a unit of the corresponding RR charge density, one concludes that the RR
dipole moment should be proportional to the volume form of the embedding space. To make
the above more quantitative, recall that in a three brane action the coupling of a three brane
to external RR four form is of the form
SC4 =
∫
dτd3σǫrspCµνρα∂τX
µ∂σrX
ν∂σpX
ρ∂σsX
α ,
where the Greek indices run over 0, · · · , 9, Xµ are the embedding coordinates of the brane
and r, p, s indices run over 1, 2, 3. If we fix the light-cone gauge, assuming that our C4 field
has a constant field strength F (5), we arrive at [14, 28]
SC4 =
∫
dτd3σǫrsp F
(5)
+IJKL X
I∂σrX
J∂σpX
K∂σsX
L
=
∫
dτd3σ F
(5)
+IJKL X
I{XJ , XK , XL}
(4.12)
where I, J,K, L = 1, 2, · · ·8 are the transverse light-cone coordinates and the {·, ·, ·} is the
Nambu 3-bracket. From the above it is readily seen that the RR dipole moment fiveform of
the brane is
d
(5)
+IJKL =
∫
d3σ XI{XJ , XK, XL}
Upon the quantization prescription discussed in [14] the fiveform dipole moment in the
TGMT takes the form
d
(5)
IJKL |TGMT= Tr (XI [XJ , XK, XL,L5]) = Tr ([XI , XJ , XK , XL]L5) (4.13)
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We should emphasize that the above dipole moment expression should only be used for the
transverse branes, those which contain the (light-cone) time direction X+, but not the X−.
The above arguments is not limited to three branes and can be repeated for any kind
of D-brane alike. For the even dimensional branes this has been previously discussed in the
literature and known as the Myers dielectric effect [29].
Before moving to some specific examples we would like to briefly discuss the matrix L5
which has appeared in the dipole moment expression. As noted in [14] in order to pass
from the classical Nambu 3-brackets (and in general Nambu odd-brackets) to their quantum
version we need to introduce an appropriate operator (or matrix). For our purposes this fixed
matrix was called L5. In [30] a more precise definition of the L5 was given and its physical
meaning was uncovered: L5 is the reminiscent of the 11th circle. From the charge analysis
appeared above and as can be seen from the second equality in (4.13), L5 is necessary to
obtain a non-zero dipole moment. In other words, as discussed in [30], by definition L5 is a
traceless J × J matrix which squares to one. Hence, in the diagonal basis it is has J/2 plus
one and J/2 minus one eigenvalues and intuitively one may think of the positive (negative)
eigenvalues corresponding to upper (lower) half of the three sphere. These two semi-spheres
have equal but opposite RR charges while their contribution to the RR dipole moment is
summed up. This fact is exactly reflected in the form of L5.
Depending on XI to take value X i or Xa the above dipole moment can be decomposed
into various irreducible representations of so(4)× so(4). If all the X ’s appearing in d(5) are
of the form of X i or Xa, then the dipole moment d(5) is singlet of both of the so(4)’s (note
that ǫijkl or ǫabcd are singlets of both so(4)’s). In this case, for the 1/2 BPS spherical branes
discussed in detail in [30], one can explicitly compute the dipole moment. For the 1/2 BPS
spherical solutions
[X i, Xj, Xk,L5] = −µgs
R−
ǫijklX
l,
and hence
d
(5)
ijkl | 1/2 BPS = ǫijkl
µgs
R−
Tr (XmXm)
= ǫijkl
(
µgs
R−
)2 k∑
i=1
J2i .
(4.14)
In the above we have considered a generic concentric configuration of k giant gravitons of
radius Ji, where
∑
Ji = J [30]. For a single giant solution, the X = J vacuum, where k = 1
d(5)
X=J
= ǫijkl
(
µJ
R−
gs
)2
= ǫijklR
4
giant ,
where R2giant = µp
+gs with p
+ = J/R−, is the radius of the giant graviton in the string units.
This value of d(5) is the maximum value (4.14) can take. For the X = 0 vacuum, where
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k = J or Ji = 1, we have the minimum possible dipole moment which is equal to
d(5)
X=0
= ǫijkl
(
µgs
R−
)2
J = ǫijkl l
4
tinyJ .
where ltiny is the size of the tiny three brane gravitons [14, 30]. The above is physically
expected noting that it is the dipole moment of a single brane times their number J . The
result that the dipole moments of branes are additive is generic and can be seen from (4.14),
recalling that the size of a giant which carries Ji units of the light-cone momentum is R
2
i =
µJigs/R−.
It is notable that the dipole moment energy for these configurations is canceled out with
the spherical brane tension [30] such that these spherical solutions are all eigenstates of the
light-cone Hamiltonian with eigenvalue zero.
Among the components of d
(5)
IJKL which mix X
i and Xa directions only those with two
X i and two Xa appear as the extensions of the superalgebra in the form of Rijab. These are
the RR dipole moment of the (topologically spherical) three branes embedded in both X i
and Xa direction. A detailed analysis of these states will be given in [31].
Finally we have the Cia and Cˆia extensions which correspond to longitudinal flat three
branes containing X i and Xa as well as X+ and X− directions. This can be seen tracing
back the origin of the Cia extension to before the Penrose limit and that Cia is related to
R0i5a component of the R extension. (Note that x−1, x0 and x5, x6 combine to give x+, x−.
The two other directions are basically transverse to the AdS5×S5 and do not appear at all.)
5 Discussion and Outlook
In this work we have considered the most general extension of the ten dimensional plane-
wave superalgebra. To obtain that we started with the corresponding superalgebra, the
maximally extended psu(2, 2|4) algebra, and took the Penrose limit over that. Under this
procedure the algebra naturally decomposes into the kinematical and dynamical parts. The
dynamical part is of the form of the maximally extended ps(2|2) × psu(2|2) × u(1)H, as
one would have expected if we started directly from the plane-wave algebra and studied
its maximal extension. In other words, extending the algebra commutes with process of
taking the Penrose limit. In this way, however, we have the virtue of a direct relation of
the extension of the plane-wave to branes and their charges and whether these branes are
longitudinal or transverse. We have shown that only the extensions corresponding to three
branes appear in the dynamical part of the superalgebra appear in the present form of the
TGMT; these three branes can however be transverse or longitudinal.
15
Given the form structure of the extensions and their so(4) × so(4) representation it
is straightforward to see that the BPS branes allowed through our extended plane-wave
superalgebra are in one-to-one correspondence with the BPS branes expected from string
theory discussion of [32].
We gave an explicit realization of the supercharges, and in particular the dynamical ones,
in the context of the Tiny Graviton Matrix Theory (TGMT). We discussed that the TGMT
on the pure plane-wave background naturally admits and contains the central extension
corresponding to spherical transverse three branes or flat longitudinal branes. An interesting
outcome of our Matrix theory analysis is that the extensions can be related to the RR dipole
moment of the branes as well as the usually discussed charges. In fact if the BPS brane
configuration does not carry a net RR charge, as is the case with the giant gravitons in
the AdS or plane-wave background, then the lowest moment, which in this case is the
dipole moment, can appear as the extension in the algebra. We made this fact manifest in
the TGMT. The fact that the dipole moments can also appear in the superalgebras as the
extensions can have a profound effect in counting of the microstates of BPS blackholes in non-
flat background. In particular it implies that there could possibly be some modifications to
the no hair theorem, especially in the context of higher dimensional blackholes and blackholes
in non-flat backgrounds. The possibility of appearance of the dipole moments in the blackhole
thermodynamics has been recently discussed [33]. In light of the above discussions one may
then try to account for the dipole moment effects in the blackhole thermodynamics through
the superalgebra and its representations and classification of the dipole-charged BPS objects.
One of the interesting points which appears in studying the extensions of superalgebras
are the concept of “fermionic brane charges” which was first noted in [5] and further discussed
in [13]. It would be nice to study these fermionic brane charges further in the context of the
TGMT or the BMN Matrix model [15]. These fermionic charges should show up when we
compute commutator of the extensions with the supercharges. In the TGMT where we have
given explicit form of both of these in terms of J × J matrices it is then straightforward to
carry out such computations.
Having obtained the explicit form of the extended superalgebra in terms of the TGMT
one can now extend the work of [30] to less supersymmetric configurations [31]. With the
formulation at hand and with finite size matrices one can only analyze compact three brane
configurations. For the infinite extent branes we should take the infinite J limit. In order
to include other branes, e.g. D-strings or D5/NS5-branes we need to extend the TGMT by
adding the appropriate terms which account for these objects. This is very similar to what
is done for the BFSS matrix model [34].
In [30], based on the results in the 1/2 BPS sector, we proposed a triality between the
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TGMT, type IIB string theory and the N = 4 SYM gauge theory. The latter two are of
course related via the usual AdS/CFT. In order to provide further support for the proposal we
need to find the explicit representation and manifestation of the fully extended psu(2, 2|4)
superalgebra in terms of the (gauge invariant) operators of the N = 4 four dimensional
gauge theory. Moreover, from the TGMT side we need to have a classification of the less
BPS configurations of the TGMT to match it against similar configurations in the gravity
or dual gauge theory side.
A Fermion Notations
The supersymmetry algebra of AdS5 × S5, in the context of Kac-Nahm classification of Lie
superalgebras of classical type, is PSU(2, 2|4), which is also superalgebra of D = 4,N = 4
superconformal field theory. This superalgebra may be represented using 4,10 or 10+2
dimensional notations according to taste. We shall present this superalgebra in the so(4, 2)⊕
so(6) and coset so(4, 1)⊕ so(5) basis.
A.1 Twelve dimensional fermions in SO(4, 2)× SO(6) notations
In order to make the isometry of AdS5 × S5 manifest, it is convenient to employ (10+2)-
dimensional notation. 12-dimensional gamma matrices Gmˆ satisfy
{Gmˆ,Gnˆ} = 2gmˆnˆ (A.1)
with gmˆnˆ = diag(−− + + + + + + + + ++) and mˆ = −1, 0, 1, . . . , 10. They can be repre-
sented in terms of six dimensional gamma matrices Γµˆ and ΓA with appropriate signature
corresponding to spin(4, 2) and spin(6) spin groups, as
Gµˆ = Γµˆ ⊗ Γ7, GA = 18 ⊗ ΓA (A.2)
where six dimensional chirality matrix is
Γ7 = iΓ−1 . . .Γ4 = iΓ5 . . .Γ10 =
(
14 0
0 −14
)
(A.3)
with the following condition for six dimensional 8× 8 gamma matrices
{Γµˆ,Γνˆ} = 2ηµˆνˆ , {ΓA,ΓB} = 2δAB (A.4)
For the sake of space we do everything here for SO(6), similar things would happen for
SO(4, 2) just substitute 5 with -1 and 6 with 0, and the corresponding metric signature.
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In six dimensions we are dealing with 8 component Dirac fermions, θµ. These Dirac
spinors can be decomposed into two Weyl spinors θI and θI˙ where I, I˙ = 1, 2, 3, 4 are funda-
mental, antifundamental indices. Γ matrices can be decomposed into Γ± and Γi, and with a
convenient choice of basis they can be written as
Γ+ = i
(
0
√
2
0 0
)
, Γ− = i
(
0 0√
2 0
)
, Γi =
(
γi 0
0 −γi
)
, Γ7 =
(
γ5 0
0 −γ5
)
(A.5)
Now γi’s are 4× 4 matrices satisfying {γi, γj} = 2δij and act on the Weyl spinors. Now
SO(6) Weyl spinors can be seen as Dirac spinors of SO(4) and in turn can be decomposed
into two, 2 component Weyl spinors
θI → (θα, θα˙) (A.6)
where α, α˙ = 1, 2. The γ4×4 matrices can also be reduced to 2× 2 representations, σiαα˙ and
σ¯iα˙α in a convenient way, to act on Weyl spinors
(γi)IJ˙ =
(
0 (σi)αβ˙
(σ¯i)α˙β 0
)
(A.7)
The SO(4, 2) × SO(6) fermions carry spinorial indices of both of the groups. Because
of 10-dim chirality and the fact that we choose positive sign for the self-dual five-form flux,
out of four different possibilities, for the AdS5 × S5 we only need fermions with the same
SO(4, 2) and S(6) chirality (see Appendix B of [16]), i.e. θIJˆ ≡ θI ⊗ θ′Jˆ , and using the above
decompositions it decomposed as θIJˆ → (θαβ , θαβ˙ , θα˙β , θα˙β˙).
A.2 Ten dimensional fermions in SO(4)× SO(4) notation
In this part we present the superalgebra in coset SO(9, 1) ∼ SO(4, 1)⊕ SO(5) basis. Then
we go to onshell SO(8) representations, and finally we give SO(4)× SO(4) representations,
appropriate to manifest isometries of plane-wave.
10-dimensional 32× 32 gamma matrices Γaˆ of spin(9, 1) which respect Clifford algebra
{Γaˆ,Γbˆ} = 2ηaˆbˆ (A.8)
can be decompose in terms of 4× 4 gamma matrices of spin(4, 1) and spin(5) as
Γa = γa ⊗ 1⊗ σ1, Γa′ = 1⊗ γa′ ⊗ σ2 (A.9)
Where each of them also satisfy
{γa, γb} = ηab, {γa′, γb′} = δa′b′ (A.10)
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In this convention, aˆ = 0, 1, . . . , 9 and a = 0, 1, . . . , 4 and a′ = 5, 6, . . . , 9. It may be
interesting to note the 32 component 10-dimensional positive chirality spinor and negative
chirality supercharges are decomposed as
θαˆ = θα ⊗ θα′ ⊗ (10) , Qαˆ = Qα ⊗Qα′ ⊗ ( 0−1) (A.11)
A convenient choice of basis for 32× 32 Dirac matric would be
Γ+ = i
(
0
√
2
0 0
)
, Γ− = i
(
0 0√
2 0
)
, Γiˆ =
(
γ iˆ 0
0 −γ iˆ
)
, Γ11 =
(
γ9 0
0 −γ9
)
(A.12)
where γ iˆ satisfy {γ iˆ, γ jˆ} = 2δ iˆjˆ where δ is the metric on the transverse space with iˆ =
1, 2, . . . , 8. Dirac spinor in 10 dimensions, θαˆ, has 32 complex components. First we impose
Majorana reality condition θ = θ†, so we remain with 32 real components. Then we demand
Majorana spinors satisfy on-shell condition
Γ±θ±αˆ = 0 (A.13)
with the above decomposition for gamma matrices it can be easily seen that
θ+αˆ =
(
θ+16
0
)
, θ−αˆ =
(
0
θ−16
)
(A.14)
θ±16 can be thought of as SO(8) Majorana fermion, and γ
iˆ as 16× 16 real matrices. Further-
more we are dealing with type IIB string theory, so we demand both fermions have the same
ten dimensional chirality, which is related to eight dimensional chirality as indicated above
γ9θ±16 = ±θ±16 (A.15)
with 8-dimensional chirality matrix
γ9 =
(
18 0
0 −18
)
(A.16)
the solution is
θ+16 =
(
θ+8
0
)
, θ−16 =
(
0
θ−8
)
(A.17)
which are SO(8) Majorana-Weyl spinors, denoted by 8s and 8c. Furthermore 16 × 16 di-
mensional gamma matrices can be reduced to 8× 8 representations,
(γ iˆ)16 =
(
0 (γ iˆ)8
(γ¯ iˆ)8 0
)
(A.18)
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We now transfer to SO(4)× SO(4) representations. To relate SO(4)× SO(4) fermions
to those of SO(8), we note that 8s (8c) has positive (negative) chirality. SO(8) chirality
matrix can be written as
γ9 = γ5 × γ5′ (A.19)
in terms of SO(4) chirality matrices
γ5 = γ1234, γ5
′
= γ5678 (A.20)
As mentioned above, we have two spinors of the same chirality, either two 8s’s or two of
8c’s. Let’s choose them to be 8s, and out of them we can write a complex 8s. It can easily
be seen that with the above decomposition for chirality matrix, for 8s the two SO(4) should
have the same chirality while for 8c they should have the opposite chirality. Note also that
an SO(4) spinor can be decomposed into two Weyl spinors. Explicitly
8s → θαβ′ ; θα˙β˙′ (A.21)
8c → θαβ˙′ ; θα˙β′ (A.22)
8× 8 gamma matrices also reduce to
γiaa˙ =
(
0 (σi)αβ˙δ
β′
α′
(σi)α˙βδβ˙
′
α˙′ 0
)
, γia˙a =
(
0 (σi)αβ˙δ
β˙′
α˙′
(σi)α˙βδβ
′
α′ 0
)
(A.23)
γi
′
aa˙ =
(
−δβα(σi′)α′β˙′ 0
0 δβ˙α˙(σ
i′)α˙
′β′
)
, γi
′
a˙a =
(
−δβα(σi)α˙′β′ 0
0 δβ˙α˙(σ
i′)α˙
′β′
)
(A.24)
with
(σi)αα˙ = (1, i~σ)αα˙, (σ
i)α˙α = (1,−i~σ)α˙α (A.25)
For simplicity in the notation one may also drop the primes on the second so(4) indices,
whereby we arrive at the fermionic notations employed in the main text of this paper.
B Tiny Graviton Matrix Theory, A Short Review
In this appendix we briefly review the basics of the tiny graviton matrix theory, TGMT. It
is essentially a very short summary of [14]. The tiny graviton matrix theory proposal is that
the DLCQ of strings on the AdS5 × S5 or on the 10 dimensional plane-wave background in
the sector with J units of light-cone momentum is described by the theory or dynamics of J
“tiny” (three-brane) gravitons. The action for J tiny gravitons is obtained as a regularized
(quantized) version of D3-brane light-cone Hamiltonian, as has been carried out in [14].
In other words, DLCQ of type IIB strings on the plane-wave background is nothing but a
quantized 3-brane theory. Then the statement of the conjecture is:
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The theory of J tiny three-brane gravitons, which is a U(J) supersymmetric quan-
tum mechanics with the PSU(2|2)× PSU(2|2)× U(1) symmetry, is the Matrix
theory describing the DLCQ of strings on the plane-waves or on the AdS5 × S5
in the sector with light-cone momentum p+ = J/R−, R− being the light-like com-
pactification radius.
Dynamics of the theory is governed by the following Hamiltonian
H = R− Tr
[
1
2
(P 2i + P
2
a ) +
1
2
(
µ
R−
)2
(X2i +X
2
a)
+
1
2 · 3!g2s
(
[X i, Xj, Xk,L5][X i, Xj, Xk,L5] + [Xa, Xb, Xc,L5][Xa, Xb, Xc,L5]
)
+
1
2 · 2g2s
(
[X i, Xj, Xa,L5][X i, Xj, Xa,L5] + [Xa, Xb, X i,L5][Xa, Xb, X i,L5]
)
− µ
3!R−gs
(
ǫijklX i[Xj, Xk, X l,L5] + ǫabcdXa[Xb, Xc, Xd,L5]
)
+
(
µ
R−
)(
θ†αβθαβ − θα˙β˙θ†α˙β˙
)
+
1
2gs
(
θ†αβ(σij) δα [X
i, Xj, θδβ ,L5] + θ†αβ(σab) δα [Xa, Xb, θδβ ,L5]
)
− 1
2gs
(
θδ˙β˙(σ
ij) δ˙α˙ [X
i, Xj, θ†α˙β˙,L5] + θδ˙β˙(σab) δ˙α˙ [Xa, Xb, θ†α˙β˙,L5]
)]
(B.1)
The L5 is a hermitian J × J defined by [30]
L25 = 1 , Tr L5 = 0 . (B.2)
The U(J) gauge symmetry of the above Hamiltonian is in fact a discretized (quantized)
form of the spatial diffeomorphisms of the 3-brane. As is evident from the above construction
we expect in J →∞ limit to recover the diffeomorphisms. One should note that under the
U(J) transformations L5 is also transformaing in the adjoint representation.
The Hamiltonian can also be obtained from a 0 + 1 dimensional U(J) gauge theory
Lagrangian, in the temporal gauge. Explicitly, the only component of the gauge field, A0,
has been set to zero. To ensure the A0 = 0 gauge condition, all of our physical states must
satisfy the Gauss law constraint arising from equations of motion of A0. These constraints,
which consist of J2 − 1 independent conditions are:
i[X i, P i] + i[Xa, P a] + {θ†αβ , θαβ}+ {θ†α˙β˙ , θα˙β˙} = 0 (B.3)
where P I = D0X
I = ∂0X
I+i[A0, XI ] and all the fields X,P, θ,A0 and L5 are J×J matrices.
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The Hamiltonian is proposed to describe type IIB string theory on the plane-wave with
compact X− direction. The “string theory limit” is then a limit where we decompactify R−,
keeping p+ fixed, i.e.
J,R− →∞, µ, p+ = J/R−, gs fixed . (B.4)
In fact one can show that in the above string theory limit one can re-scale X ’s such that
µ, p+ only appear in the combination µp+. Therefore the only parameters of the continuum
theory are µp+ and gs.
The plane-wave is a maximally supersymmetric one, i.e. it has 32 fermionic isometries
which can be arranged into two sets of 16, the kinematical supercharges, q’s, and the dynami-
cal supercharges, Q’s. The former are those which anticommute to light-cone momentum P+
and the latter anticommute to the light-cone Hamiltonian H. Here we show the dynamical
part of superalgebra, which can be identified with PSU(2|2)× PSU(2|2)× U(1):
[P+, qαβ] = 0 , [P
+, qα˙β˙] = 0 ,
[H, qαβ ] = −iµqαβ , [H, qα˙β˙ ] = iµqα˙β˙ . (B.5)
[P+, Qαβ˙] = 0 , [P
+, Qα˙β] = 0
[H, Qαβ˙] = 0 , [H, Qα˙β ] = 0 (B.6)
{qαβ , q†ρλ} = 2P+δ ρα δ λβ , {qαβ, q†α˙β˙} = 0 , {qα˙β˙, q†ρ˙λ˙} = 2P+δ ρ˙α˙ δ λ˙β˙ , (B.7)
{Qαβ˙ , Q†ρλ˙} = 2 δ ρα δ λ˙β˙ H+ µ(iσij) ρα δ λ˙β˙ Jij + µ(iσab) λ˙β˙ δ ρα Jab ,
{Qαβ˙ , Q†ρ˙λ} = 0 , (B.8)
{Qα˙β, Q†ρ˙λ} = 2 δ ρ˙α˙ δ λβ H− µ(iσij) ρ˙α˙ δ λβ Jij − µ(iσab) λβ δ ρ˙α˙ Jab .
The generators of the above supersymmetry algebra can be realized in terms of J×J matrices
as
P+ = −P− = 1
R−
Tr 1 , P− = −P+ = −H
qαβ =
1√
R−
Tr θαβ , qα˙β˙ =
1√
R−
Tr θα˙β˙ (B.9)
the rotation generators read
Jij =
1
2
Tr
(
X iΠj −XjΠi − 2θ†αβ(iσij)ραθρβ + 2θ†α˙β˙(iσij)ρ˙α˙θρ˙β˙
)
(B.10)
Jab =
1
2
Tr
(
XaΠb −XbΠa − 2θ†αβ(iσab)ρβθαρ + 2θ†α˙β˙(iσab)ρ˙β˙θα˙ρ˙
)
(B.11)
22
References
[1] R. Haag, J. T. Lopuszanski and M. Sohnius, “All Possible Generators Of Supersymme-
tries Of The S Matrix,” Nucl. Phys. B 88, 257 (1975).
[2] J. A. de Azcarraga, J. P. Gauntlett, J. M. Izquierdo and P. K. Townsend, “Topological
Extensions Of The Supersymmetry Algebra For Extended Objects,” Phys. Rev. Lett.
63, 2443 (1989).
P. K. Townsend, “P-brane democracy,” arXiv:hep-th/9507048.
[3] E. Bergshoeff and E. Sezgin, “New Space-Time Superalgebras And Their Kac-Moody
Extension,” Phys. Lett. B 232, 96 (1989); “Superp-Brane theories and new space-time
superalgebras,” Phys. Lett. B 354, 256 (1995) [arXiv:hep-th/9504140].
[4] I. Bars, “Supersymmetry, p-brane duality and hidden space and time dimensions,” Phys.
Rev. D 54, 5203 (1996) [arXiv:hep-th/9604139].
[5] E. Sezgin, “The M-algebra,” Phys. Lett. B 392, 323 (1997) [arXiv:hep-th/9609086].
[6] W. Nahm, “Supersymmetries And Their Representations,” Nucl. Phys. B 135, 149
(1978).
M. Scheunert, W. Nahm and V. Rittenberg, “Classification Of All Simple Graded Lie
Algebras Whose Lie Algebra Is Reductive. 1,” J. Math. Phys. 17, 1626 (1976); “Classi-
fication Of All Simple Graded Lie Algebras Whose Lie Algebra Is Reductive. 2. (Con-
struction Of The Exceptional Algebras),” J. Math. Phys. 17, 1640 (1976).
[7] V. G. Kac, “Lie Superalgebras,” Adv. Math. 26, 8 (1977); “A Sketch Of Lie Superal-
gebra Theory,” Commun. Math. Phys. 53 (1977) 31.
[8] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, “A new maximally super-
symmetric background of IIB superstring theory,” JHEP 0201, 047 (2002) [arXiv:hep-
th/0110242];
“Penrose limits and maximal supersymmetry,” Class. Quant. Grav. 19, L87 (2002)
[arXiv:hep-th/0201081].
J. Figueroa-O’Farrill and G. Papadopoulos, “Maximally supersymmetric solutions
of ten- and eleven-dimensional supergravities,” JHEP 0303, 048 (2003) [arXiv:hep-
th/0211089].
23
[9] B. Craps, J. Gomis, D. Mateos and A. Van Proeyen, “BPS solutions of a D5-brane
world volume in a D3-brane background from superalgebras,” JHEP 9904, 004 (1999)
[arXiv:hep-th/9901060].
[10] K. Kamimura and M. Sakaguchi, “osp(1|32) and extensions of super-AdS(5) x S**5
algebra,” Nucl. Phys. B 662, 491 (2003) [arXiv:hep-th/0301083].
[11] S. Lee and J. H. Park, “Noncentral extension of the AdS(5) x S**5 superalgebra: Su-
permultiplet of brane charges,” JHEP 0406, 038 (2004) [arXiv:hep-th/0404051].
[12] E. Bergshoeff and A. Van Proeyen, “The unifying superalgebra OSp(1|32),” arXiv:hep-
th/0010194; “The many faces of OSp(1|32),” Class. Quant. Grav. 17, 3277 (2000)
[arXiv:hep-th/0003261].
[13] P. Meessen, K. Peeters and M. Zamaklar, “On non-perturbative extensions of anti-de-
Sitter algebras,” arXiv:hep-th/0302198. K. Peeters and M. Zamaklar, “Anti-de-Sitter
vacua require fermionic brane charges,” Phys. Rev. D 69, 066009 (2004) [arXiv:hep-
th/0311110].
[14] M. M. Sheikh-Jabbari, “Tiny graviton matrix theory: DLCQ of IIB plane-wave string
theory, a conjecture,” JHEP 0409, 017 (2004) [arXiv:hep-th/0406214].
[15] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves
from N = 4 super Yang Mills,” JHEP 0204, 013 (2002) [arXiv:hep-th/0202021].
K. Dasgupta, M. M. Sheikh-Jabbari and M. Van Raamsdonk, “Matrix perturbation
theory for M-theory on a PP-wave,” JHEP 0205, 056 (2002) [arXiv:hep-th/0205185];
[16] D. Sadri and M. M. Sheikh-Jabbari, “The plane-wave / super Yang-Mills duality,” Rev.
Mod. Phys. 76, 853 (2004) [arXiv:hep-th/0310119].
[17] K. Dasgupta, M. M. Sheikh-Jabbari and M. Van Raamsdonk, “Protected multiplets of
M-theory on a plane wave,” JHEP 0209, 021 (2002) [arXiv:hep-th/0207050].
[18] R. D’Auria, S. Ferrara, M. A. Lledo and V. S. Varadarajan, “Spinor algebras,” J. Geom.
Phys. 40, 101 (2001) [arXiv:hep-th/0010124].
[19] E. D’Hoker and D. Z. Freedman, “Supersymmetric gauge theories and the AdS/CFT
correspondence,” arXiv:hep-th/0201253.
[20] E. Inonu and E. P. Wigner, “On The Contraction Of Groups And Their Represena-
tions,” Proc. Nat. Acad. Sci. 39, 510 (1953).
24
[21] M. Hatsuda, K. Kamimura and M. Sakaguchi, “From super-AdS(5) x S**5 algebra to
super-pp-wave algebra,” Nucl. Phys. B 632, 114 (2002) [arXiv:hep-th/0202190].
[22] H. Lin, O. Lunin and J. Maldacena, “Bubbling AdS space and 1/2 BPS geometries,”
JHEP 0410, 025 (2004) [arXiv:hep-th/0409174].
[23] T. Banks, N. Seiberg and S. H. Shenker, “Branes from matrices,” Nucl. Phys. B 490,
91 (1997) [arXiv:hep-th/9612157].
[24] W. I. Taylor, “The M(atrix) model of M-theory,” arXiv:hep-th/0002016.
[25] S. j. Hyun and H. j. Shin, “Branes from matrix theory in pp-wave background,” Phys.
Lett. B 543, 115 (2002) [arXiv:hep-th/0206090].
[26] J. H. Park, “Supersymmetric objects in the M-theory on a pp-wave,” JHEP 0210, 032
(2002) [arXiv:hep-th/0208161].
G. Bonelli, “Matrix strings in pp-wave backgrounds from deformed super Yang-Mills
theory,” JHEP 0208, 022 (2002) [arXiv:hep-th/0205213].
[27] J. McGreevy, L. Susskind and N. Toumbas, “Invasion of the giant gravitons from anti-de
Sitter space,” JHEP 0006, 008 (2000) [arXiv:hep-th/0003075].
M. T. Grisaru, R. C. Myers and O. Tafjord, “SUSY and Goliath,” JHEP 0008, 040
(2000) [arXiv:hep-th/0008015].
A. Hashimoto, S. Hirano and N. Itzhaki, “Large branes in AdS and their field theory
dual,” JHEP 0008, 051 (2000) [arXiv:hep-th/0008016].
[28] D. Sadri and M. M. Sheikh-Jabbari, “Giant hedge-hogs: Spikes on giant gravitons,”
Nucl. Phys. B 687, 161 (2004) [arXiv:hep-th/0312155].
[29] R. C. Myers, “Dielectric-branes,” JHEP 9912, 022 (1999) [arXiv:hep-th/9910053].
[30] M. M. Sheikh-Jabbari and M. Torabian, “Classification of all 1/2 BPS solutions of the
tiny graviton matrix theory,” JHEP 0504, 001 (2005) [arXiv:hep-th/0501001].
[31] M. Ali-Akbari, M. M. Sheikh-Jabbari and M. Torabian, Work in preparation.
[32] A. Dabholkar and S. Parvizi, “Dp branes in pp-wave background,” Nucl. Phys. B 641,
223 (2002) [arXiv:hep-th/0203231].
K. Skenderis and M. Taylor, “Open strings in the plane wave background. I: Quantiza-
tion and symmetries,” Nucl. Phys. B 665, 3 (2003) [arXiv:hep-th/0211011],
25
“Open strings in the plane wave background. II: Superalgebras and spectra,” JHEP
0307, 006 (2003) [arXiv:hep-th/0212184].
[33] K. Copsey and G. T. Horowitz, “The role of dipole charges in black hole thermodynam-
ics,” arXiv:hep-th/0505278.
D. Astefanesei and E. Radu, “Quasilocal formalism and black ring thermodynamics,”
arXiv:hep-th/0509144.
[34] W. I. Taylor and M. Van Raamsdonk, “Multiple D0-branes in weakly curved back-
grounds,” Nucl. Phys. B 558, 63 (1999) [arXiv:hep-th/9904095]; “Multiple Dp-branes
in weak background fields,” Nucl. Phys. B 573, 703 (2000) [arXiv:hep-th/9910052].
K. Millar, W. Taylor and M. Van Raamsdonk, “D-particle polarizations with multipole
moments of higher-dimensional arXiv:hep-th/0007157.
26
